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BEHAVIOR OF GABOR FRAME OPERATORS ON WIENER
AMALGAM SPACES
ANIRUDHA PORIA
Abstract. It is well known that the Gabor expansions converge to identity operator in
weak* sense on the Wiener amalgam spaces as sampling density tends to infinity. In this
paper we prove the convergence of Gabor expansions to identity operator in the operator
norm as well as weak* sense on W (Lp, ℓq) as the sampling density tends to infinity. Also
we show the validity of the Janssen’s representation and the Wexler-Raz biorthogonality
condition for Gabor frame operator on W (Lp, ℓq).
1. Introduction and the main result
We begin with some elementary definition. The time-frequency shift τ(t, ω) for functions
g on Rd is define by
(τ(t, ω)g) (x) = g(x− t)ei2π〈x,ω〉, t, ω ∈ Rd.
The windowed Fourier transform of f ∈ L2(Rd) with respect to g ∈ L2(Rd) is defined by
(1.1) (Fgf)(t, ω) = 〈f, τ(t, ω)g〉.
The inversion formula for windowed Fourier transform is given by
(1.2) f =
1
〈γ, g〉
∫∫
R2d
(Fgf)(t, ω)τ(t, ω)γdtdω,
where γ ∈ L2(Rd) satisfies 〈γ, g〉 6= 0 and the integral is convergent in L2(Rd) norm (e.g., see
[8], p. 48).
Given a window g ∈ L2(Rd) and a, b > 0, the collection {τ(na,mb)g : m,n ∈ Zd} is a
Gabor frame for L2(Rd) if there exist constants A,B > 0 (called frame bounds) such that
A‖f‖22 ≤
∑
n,m∈Zd
|〈f, τ(na,mb)g〉|2 ≤ B‖f‖22, ∀f ∈ L2(Rd).
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If {τ(na,mb)g : m,n ∈ Zd} is a Gabor frame then there exists a dual window γ ∈ L2(Rd)
such that {τ(na,mb)γ : m,n ∈ Zd} is also a Gabor frame for L2(Rd) and
f =
∑
n,m∈Zd
〈f, τ(na,mb)g〉τ(na,mb)γ(1.3)
=
∑
n,m∈Zd
〈f, τ(na,mb)γ〉τ(na,mb)g, ∀f ∈ L2(Rd).
The series in (1.3) converge unconditionally in L2, and by the definition of frame, the
ℓ2-norm of the sequence of Gabor coefficients {〈f, τ(na,mb)g〉} is an equivalent norm for
L2(Rd). We refer to [8] for a detailed study.
Define
Sa,b;g,γf =
(ab)
d
〈γ, g〉
∑
n,m∈Zd
〈f, τ(na,mb)g〉τ(na,mb)γ.(1.4)
Then Sa,b;g,γf can be regarded as a Riemannian sum of the integral in (1.2). We may
expect that it is well defined for every f ∈ L2(Rd), and that it converges to f whenever a
and b tend to zero. Weisz [19] proved that this is the case if both g and γ are in S0(R
d) :=
{g : Fgg ∈ L1(R2d)}, and he proved the convergence in various norms. Also it is well known
that whenever g ∈ S0(Rd) and defines a Gabor frame, then the dual window is also in S0(Rd)
(see [11, 12]).
When we consider Sa,b;g,γ as a frame operator, the convergence of Sa,b;g,γf implies that
{τ(na,mb)g : m,n ∈ Zd} is asymptotically close to a tight frame. If g, γ are in a bigger space
than S0(R
d) then the result of Weisz [19] does not imply the convergence of Sa,b;g,γf as (a, b)
tends to (0, 0). For example if g = γ = χ[0,1], it is not clear whether Sa,b;g,γf is convergent
to f as (a, b) tends to (0, 0) since neither g nor γ is in S0(R
d). In [16] Sun gave a weaker
condition on g and γ for Sa,b;g,γf to be convergent. He proved that if both g and γ are in
the Wiener space
W (Rd) :=
{
g : g is measurable and ‖g‖W (Rd) :=
∑
k∈Zd
‖g · Tkχ[0,1)d‖∞ <∞
}
,
then Sa,b;g,γf is convergent to f on L
p(Rd) as (a, b) tends to (0, 0). Note that S0(R
d) is a
proper subspace of W (Rd) (see [6], Theorem 3.2.13).
In this paper we extend Sun’s [16] results and show if both both g and γ are in the Wiener
space then Sa,b;g,γf converges to f on amalgam space W (L
p, ℓq), 1 ≤ p, q < ∞, as (a, b)
tends to (0, 0). Our main result is the following theorem.
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Theorem 1.1. Let g, γ ∈W (Rd).Then we have:
(i) For any f ∈W (Lp, ℓq), 1 6 p, q <∞,
(1.5) lim
(a,b)→(0,0)
‖Sa,b;g,γf − f‖W (Lp,ℓq) = 0
and conclusion holds for q =∞ but fails if p =∞.
(ii) Moreover, if g · γ is locally Riemann integrable, then for any 1 6 p, q 6∞,
(1.6) lim
(a,b)→(0,0)
‖Sa,b;g,γ − I‖W (Lp,ℓq)→W (Lp,ℓq) = 0.
Recent results ([15]) have shown weak convergence of Hilbert space valued Gabor expan-
sions on weighted amalgam spaces. So if we consider Hilbert space valued Gabor expansions
then whether it converge to identity operator in the operator norm, seems to be a reasonable
question. Also same question one can ask for modulation spaces as we know weak conver-
gence of Gabor expansions on modulation spaces ([19]). For the time being we leave these
two questions as open. In section 5, we reinvestigated two known results: the Janssen’s
representation and the Wexler-Raz biorthogonality on W (Lp, ℓq) for Gabor frame operator
and these are two important results in this context.
The paper is organized as follows. In section 2, we provide necessary background and
some of the properties of Wiener amalgam spaces. In section 3, we provide some important
results of Gabor frame operators on L2(Rd). In section 4, we prove the strong and weak*
convergence result for Gabor frame operators on W (Lp, ℓq), 1 ≤ p, q < ∞. For p = ∞ we
produce a counter example showing that (1.5) does not hold in this case. Finally in section
5, we show that Janssen’s representation and the Wexler-Raz biorthogonality condition hold
for Gabor frame operator Sa,b;g,γ on W (L
p, ℓq).
2. Wiener amalgam spaces
Let fix d ≥ 1, d ∈ N. For a set X 6= ∅ let Xd be its Cartesian product X × ... × X taken
with itself d-times. For x = (x1, ..., xd) ∈ Rd and y = (y1, ..., yd) ∈ Rd set
x · y :=
d∑
k=1
xkyk and |x| := max
k=1,...,d
|xk|.
The ℓp (1 ≤ p ≤ ∞) space consists of all complex sequences a = (ak)k∈Zd for which
‖a‖ℓp :=

∑
k∈Zd
|ak|p


1
p
<∞
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with the usual modification if p =∞.
We briefly write Lp or Lp(R
d) instead of Lp(R
d, λ) space equipped with the norm (or
quasi-norm) ‖f‖p :=
(∫
Rd
|f |pdλ
) 1
p
, (0 < p ≤ ∞), where λ is the Lebesgue measure. The
space of continuous functions on Rd with the supremum norm is denoted by C(Rd).
Translation and modulation of a function f are defined, respectively, by
Txf(t) := f(t− x) and Mωf(t) := e2πi〈ω,t〉f(t) (x, ω ∈ Rd),
where i =
√−1.
Let Q denote the unit cube [0, 1)d and Qa = [0, a)
d. The characteristic function of a
measurable set E is χE . A measurable function f belongs to the Wiener amalgam space
W (Lp, ℓq) (1 6 p, q 6∞) if
‖f‖W (Lp,ℓq) :=

∑
k∈Zd
‖f · TkχQ‖qp


1
q
< ∞,
with the obvious modification for q = ∞. The closed subspace of W (Rd) containing contin-
uous functions is denoted by W (C, ℓ1) and called the Wiener algebra. It is easy to see that
W (Lp, ℓp) = Lp(Rd),
W (Lp1 , ℓq) ←֓ W (Lp2 , ℓq) (p1 ≤ p2)
and
W (Lp, ℓq1) →֒W (Lp, ℓq2) (q1 ≤ q2) ,
(1 ≤ p1, p2, q1, q2 ≤ ∞). Thus
W (L∞, ℓ1) ⊂ Lp(Rd) ⊂W (L1, ℓ∞) (1 ≤ p ≤ ∞).
The Ko¨the dual of W (Lp, ℓq) is the space of all measurable functions g on Rd such that
g ·W (Lp, ℓq) ⊆ L1(Rd). It is equal to W (Lp′ , ℓq′), where 1/p+ 1/p′ = 1/q + 1/q′ = 1 for all
1 ≤ p, q ≤ ∞. The pairing
〈·, ·〉 :W (Lp, ℓq)×W (Lp′ , ℓq′)→ C, 〈f, g〉 =
∫
Rd
f(x)g(x)dx,
is bounded. The collection of all bounded linear operators from W (Lp, ℓq) to W (Lp, ℓq) is
denoted by B(W (Lp, ℓq)).
The dual and Ko¨the dual of the amalgam spaces are given in the next lemma.
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Lemma 2.1. Let 1/p+ 1/p′ = 1/q + 1/q′ = 1. Then
a. For 1 ≤ p, q <∞, the dual space of W (Lp, ℓq) is W (Lp′ , ℓq′).
b. For 1 ≤ p, q ≤ ∞ the Ko¨the dual of W (Lp, ℓq) is W (Lp′ , ℓq′).
We refer to the paper of Fournier and Stewart [7] for detailed study on classical amalgam
spaces.
3. Gabor frame operators on L2(Rd)
In this section, we study some known result of convergence of Sa,b;g,gf for f ∈ L2(Rd).
When g = γ then we simply write Sa,b instead of Sa,b;g,g, i.e.,
(3.1) Sa,bf =
(ab)d
‖g‖22
∑
n,m∈Zd
〈f, τ(na,mb)g〉τ(na,mb)g.
Recall that a sequence {φn : n ∈ Z} in a Hilbert space H is said to be a Bessel sequence if
∑
n∈Z
|〈f, φn〉|2 <∞, ∀f ∈ H.
We refer to [8] for frames and Bessel sequences. It was shown that {φn : n ∈ Z} is a Bessel
sequence if and only if there exists some constant M < +∞ such that
∑
n∈Z
|〈f, φn〉|2 < M‖f‖2, ∀f ∈ H.
The constant M is called the upper frame bound for the Bessel sequence. We state the
following result (see [16]) without proof, which will use in next section.
Theorem 3.1. Let g ∈ L2(Rd) and Sa,b be define as in (3.1), where a, b > 0. Then the
following assertions are equivalent.
(i) For any f ∈ L2(Rd), there exist constants af , bf > 0 such that Sa,bf is well defined
whenever 0 < a < af and 0 < b < bf and the limit lim
(a,b)→(0,0)
Sa,bf exists in the L
2(Rd)
sense.
(ii) Sa,b is well defined on L
2(Rd) for a, b ∈ (0, 1] and there exists some constant M < +∞
such that
‖Sa,b‖ ≤M, ∀a, b ∈ (0, 1].
(iii) There is some constant M < +∞ such that {(ab)d/2‖g‖−12 τ(na,mb)g : n,m ∈ Zd} is a
Bessel sequence with upper frame bound M , ∀a, b ∈ (0, 1].
For the case of g 6= γ, we have the following result.
6 ANIRUDHA PORIA
Theorem 3.2. Let g, γ ∈ L2(Rd) be such that 〈γ, g〉 6= 0. Let Sa,b;g,γ be defined as in (1.4),
where a, b > 0. Suppose that there is some constant M < +∞ such that
‖Sa,b;g,g‖ ≤M and ‖Sa,b;γ,γ‖ ≤M, ∀ 0 < a, b ≤ 1.
Then Sa,b;g,γf is well defined for any f ∈ L2(Rd) and
lim
(a,b)→(0,0)
Sa,b;g,γf = f, ∀f ∈ L2(Rd).
4. Gabor frame operators on W (Lp, ℓq)
It was shown in [8, 13, 18] that Sa,b;g,γ is bounded operator form L
p(Rd) to Lp(Rd) for
any 1 6 p 6 ∞ whenever g and γ are in W (Rd). Further this result has been proved for
amalgam spaces (see [4, 10]). In this section we prove the strong and weak* convergence
result for Gabor frame operators Sa,b;g,γ on W (L
p, ℓq), 1 ≤ p, q < ∞ whenever g, γ are in
W (Rd).
Before proving Theorem 1.1 we state the following result on the Wiener space W (Rd)
which can be found in [8].
Proposition 4.1. If g ∈ W (Rd) and a > 0, then
∑
n∈Zd
|g(x− an)| ≤
(
1 +
1
a
)d
‖ g ‖W (Rd), a.e.
For g, γ ∈W (Rd) and a, b > 0, define
Ga,b;n(x) =
∑
k∈Zd
g
(
x− n
b
− ak
)
γ(x− ak), n ∈ Zd.
Lemma 4.2. (see [16], Lemma 3.3 ) For any g, γ ∈ W (Rd), we have
(4.1)
∑
n∈Zd
‖Ga,b;n‖∞ 6
(
1 +
1
a
)d
(2 + 2b)d‖g‖W (Rd)‖γ‖W (Rd), ∀a, b > 0,
and
(4.2) lim
(a,b)→(0,0)
∑
n∈Zd\{0}
ad‖Ga,b;n‖∞ = 0.
Using the Walnut representation of the Gabor frame operator onW (Lp, ℓq) (see [10]) with
an appropriate modification we get the following proposition.
Proposition 4.3. Let g,γ ∈ W (Rd) and let a, b > 0. Then the operator
(4.3) (Sa,b;g,γf)(x) =
1
〈γ, g〉
∑
n∈Zd
adGa,b;n(x)f
(
x− n
b
)
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is bounded from W (Lp, ℓq) to W (Lp, ℓq), 1 ≤ p, q ≤ ∞ with operator norm
‖Sa,b;g,γ‖W (Lp,ℓq)→W (Lp,ℓq) ≤ a
d
|〈γ, g〉|
(
1 +
1
a
)d
(2 + 2b)d‖g‖W (Rd)‖γ‖W (Rd).
Proof. If g, γ ∈ W (Rd) then by previous lemma
∑
n∈Zd
‖Ga,b;n‖∞ <∞
If f ∈W (Lp, ℓq) then
‖Sa,b;g,γf‖W (Lp,ℓq) = ‖ 1〈γ, g〉
∑
n∈Zd
adGa,b;nTn
b
f‖
W (Lp,ℓq)
≤ a
d
|〈γ, g〉|
∑
n∈Zd
‖Ga,b;nTn
b
f‖W (Lp,ℓq)
=
ad
|〈γ, g〉|
∑
n∈Zd

∑
k∈Zd
‖Ga,b;nTn
b
f · TkχQ‖qp


1
q
≤ a
d
|〈γ, g〉|
∑
n∈Zd
‖Ga,b;n‖∞

∑
k∈Zd
‖f · Tk−n
b
χQ‖qp


1
q
=
ad
|〈γ, g〉|‖f‖W (Lp,ℓq)
∑
n∈Zd
‖Ga,b;n‖∞
≤ C ‖g‖W (Rd)‖γ‖W (Rd)‖f‖W (Lp,ℓq)
Where C = a
d
|〈γ,g〉|
(
1 + 1a
)d
(2 + 2b)d. 
Let
(4.4) Ga(x) :=
ad
〈γ, g〉Ga,b;0(x) =
ad
〈γ, g〉
∑
k∈Zd
g(x− ak)γ(x− ak), x ∈ Rd.
By proposition 4.1, we have
(4.5) M0 := sup
0<a61
‖Ga − 1‖∞ 6 sup
0<a61
1
|〈γ, g〉|(1 + a)
d‖g.γ‖W (Rd) <∞.
The following lemma is the key to Theorem 1.1.
Lemma 4.4. Let g, γ ∈ W (Rd) and 1 6 p, q 6∞. Then
(i) For any f ∈W (Lp, ℓq),
lim
(a,b)→(0,0)
(‖Sa,b;g,γf − f‖W (Lp,ℓq) − ‖(Ga − 1)f‖W (Lp,ℓq)) = 0;
(ii)
lim
(a,b)→(0,0)
(‖Sa,b;g,γ − I‖W (Lp,ℓq)→W (Lp,ℓq) − ‖Ga − 1‖∞) = 0.
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Proof. Define operators Ta;g,γ and Ra,b;g,γ on W (L
p, ℓq) by
Ta;g,γf = (Ga − 1)f,
Ra,b;g,γf =
1
〈γ, g〉
∑
n∈Zd\{0}
adGa,b;n · f
(
· − n
b
)
, f ∈W (Lp, ℓq).
Now we can rewrite the Walnuts representation as
Sa,b;g,γf − f = Ta;g,γf +Ra,b;g,γf, ∀f ∈W (Lp, ℓq).
Then we have
‖Sa,b;g,γf − f‖W (Lp,ℓq) 6 ‖Ta;g,γf‖W (Lp,ℓq) + ‖Ra,b;g,γf‖W (Lp,ℓq).
By Lemma 4.2, we have
lim
(a,b)→(0,0)
∑
n∈Zd\{0}
ad‖Ga,b;n‖∞ = 0.
Hence
lim
(a,b)→(0,0)
‖Ra,b;g,γ‖W (Lp,ℓq)→W (Lp,ℓq) 6 lim
(a,b)→(0,0)
∑
n∈Zd\{0}
ad‖Ga,b;n‖∞ = 0.
On the other hand, it is easy to see that
‖Ta;g,γ‖W (Lp,ℓq)→W (Lp,ℓq) = ‖Ga − 1‖∞.

To prove our main result we make use of the following two lemmas.
Lemma 4.5. (See [16], Lemma 3.5) Suppose that f ∈W (Rd) is locally Riemann integrable.
Then we have
lim
a→0
sup
y∈Rd
∣∣∣∣
∑
n∈Zd
adf(y + na)−
∫
Rd
f(x)dx
∣∣∣∣ = 0.
Lemma 4.6. ([16]) If f ∈ Lp(Rd) and Ga is define as in (4.4) then
lim
a→0
‖(Ga − 1)f‖p = 0
Proof. First, we consider the case of p = 2.
By Walnuts representation and (4.1), it is easy to see that
‖Sa,b;g,g‖ ≤ 1‖g‖22
(1 + a)d(2 + 2b)d‖g‖2W (Rd) ≤
8d
‖g‖22
‖g‖2W (Rd), 0 < a, b ≤ 1
and
‖Sa,b;γ,γ‖ ≤ 1‖γ‖22
(1 + a)d(2 + 2b)d‖γ‖2W (Rd) ≤
8d
‖γ‖22
‖γ‖2W (Rd), 0 < a, b ≤ 1
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Now we see from Theorem 3.2 that
lim
(a,b)→(0,0)
‖Sa,b;g,γf − f‖2 = 0, ∀f ∈ L2(Rd).
since W (L2, l2) = L2(Rd) then by using Lemma 4.4 , we have
lim
a→0
‖(Ga − 1)f‖2 = 0, ∀f ∈ L2(Rd).(4.6)
Take some f ∈ Lp(Rd), 1 ≤ p <∞. For any ǫ > 0, there is some A > 0 such that
∫
‖x‖
∞
>A
|f(x)|pdx < ǫp.
And there is some δ > 0 such that for any measurable set E ⊂ Rd with |E| < δ,
∫
E
|f(x)|pdx < ǫp.
Here | · | use to denote the Lebesgue measure of a measurable set. By (4.6), we have
lim
a→0
|{x ∈ [−A,A]d : |Ga(x) − 1| ≥ ǫ}| ≤ lim
a→0
1
ǫ2
∫
Rd
|Ga(x) − 1|2 · |χ[−A,A]d(x)|2dx = 0.
Hence, we can find some 0 < a0 < 1 such that for any 0 < a < a0,
|{x ∈ [−A,A]d : |Ga(x) − 1| ≥ ǫ}| < δ.
It follows that
‖(Ga − 1)f‖pp =
∫
{x∈[−A,A]d:|Ga(x)−1|≥ǫ}
|(Ga(x)− 1)f(x)|pdx
+
∫
{x∈[−A,A]d:|Ga(x)−1|<ǫ}
|(Ga(x)− 1)f(x)|pdx
+
∫
x/∈[−A,A]d
|(Ga(x)− 1)f(x)|pdx
≤M0pǫp + ǫp‖f‖pp +M0pǫp, 0 < a < a0,
where M0 is defined in (4.5).Hence
lim
a→0
‖(Ga − 1)f‖p = 0.

Now we are in a position to prove Theorem 1.1 .
Proof of Theorem 1.1. Let f ∈W (Lp, ℓq), 1 ≤ p, q <∞.
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Then for any ǫ > 0, there exists some N ∈ Z such that
∑
‖k‖
∞
>N
‖f · TkχQ‖qp < ǫq.
‖(Ga − 1)f‖qW (Lp,ℓq) =
∑
k∈Zd
‖(Ga − 1)f · TkχQ‖qp
=
∑
‖k‖
∞
>N
‖(Ga − 1)f · TkχQ‖qp
+
∑
‖k‖
∞
6N
‖(Ga − 1)f · TkχQ‖qp(4.7)
∑
‖k‖
∞
>N
‖(Ga − 1)f · TkχQ‖qp ≤ ‖(Ga − 1)‖q∞
∑
‖k‖
∞
>N
‖f · TkχQ‖qp
≤ M0qεq(4.8)
where M0 is defined in (4.5.)
Since
‖f · TkχQ‖p 6 ‖f‖W (Lp,ℓq) <∞, ∀f ∈W (Lp, ℓq),
for every k ∈ Zd. So f · TkχQ ∈ Lp for every k ∈ Zd.
By using Lemma 4.6, on f · TkχQ ∈ Lp(Rd) we get,
‖(Ga − 1)f · TkχQ‖qp 6 (2Mp0 εp + εp‖f · TkχQ‖pp)
q
p
6 (2Mp0 ε
p + εp‖f‖pW (Lp,ℓq))
q
p
= Cεq(4.9)
where C = (2Mp0 + ‖f‖pW (Lp,ℓq))
q
p and for sufficiently small a.
Replacing ε by ε
(2N+1)
d
q
and taking summation on both side of last inequality we get,
∑
‖k‖
∞
6N
‖(Ga − 1)f · TkχQ‖qp 6 C
∑
‖k‖
∞
6N
εq
(2N + 1)d
= Cεq(4.10)
Now form(4.8), (4.10) in (4.7) we get
‖(Ga − 1)f‖qW (Lp,ℓq) 6 M q0 εq + Cεq
Hence
lim
a→0
‖(Ga − 1)f‖W (Lp,ℓq) = 0
Now from Lemma 4.4 that for any f ∈W (Lp, ℓq) , 1 6 p, q <∞ ,
lim
(a,b)→(0,0)
‖Sa,b;g,γf − f‖W (Lp,ℓq) = 0
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This proves (1.5) for 1 6 p, q <∞.
For q =∞ with the obvious modification similar result can be obtained. Now we show that
(1.5) is not true for p =∞ by producing a counter example.
Example 4.7. For simplicity, we consider only the case of d = 1. Take some E ⊂ [0, 1] such
that E is nowhere dense and is of positive measure. Let g = γ = χE . For any a > 0, we have
{x ∈ [0, 1] : Ga(x) > 0} =
⋃
n∈Z
(na+ E) ∩ [0, 1] =
⋃
‖n‖∞≤
1
a
(na+ E) ∩ [0, 1].
Since each of na+E is nowhere dense, so is
⋃
‖n‖∞≤
1
a
(na+E). Therefore, {x ∈ [0, 1] : Ga(x) >
0} is nowhere dense. Hence
|{x ∈ [0, 1] : |Ga(x) − 1| = 1}| ≥ |{x ∈ [0, 1] : Ga(x) = 0}| > 0.
Let f0 = χ[0,1]. Then we have ‖(Ga − 1)f0‖∞ ≥ 1, ∀a > 0.
Now
‖(Ga − 1)f0‖qW (L∞,ℓq) =
∑
k∈Z
‖(Ga − 1)χ[0,1] · χ[k,k+1]‖q∞ ≥ ‖(Ga − 1)χ[0,1]‖q∞
That is,
‖(Ga − 1)f0‖W (L∞,ℓq) ≥ 1, ∀a > 0.
By Lemma 4.4, lim
(a,b)→(0,0)
‖Sa,b;g,γf0 − f0‖W (L∞,ℓq) ≥ 1. That is,(1.5) fails for p =∞.
Since g · γ is locally Riemann integrable, we see from Lemma 4.5 that
lim
(a,b)→(0,0)
‖Ga − 1‖∞ = 0.
Using Lemma 4.4 again, we get
lim
(a,b)→(0,0)
‖Sa,b;g,γ − I‖W (Lp,ℓq)→W (Lp,ℓq) = 0. 
Remark 4.8. Before this result there were few results on weak convergence of Gabor ex-
pansions ([4, 5, 6, 13, 10, 16]) but no results on the convergence of Gabor expansions in the
operator norm on Wiener amalgam spaces. So this is a new interesting result in this topic.
Also as p = q we have W (Lp, ℓp) = Lp(Rd), so this result extends Sun’s ([16]) result.
5. Important results on Gabor frame operator
In this section we present Janssen’s representation of Gabor frame operators Sa,b;g,γ and
the biorthogonality condition of Wexler-Raz on W (Lp, ℓq). In [20] J. Wexler and S. Raz
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obtained biorthogonality condition and in [14] Janssen presented his representation for Gabor
frame operator. The relevance of this identity for the study of Gabor frame have pointed
out in [2, 3, 6, 13]. Now we will establish those result in new setting. To achieve this goal
we discuss the necessary theory required, as in ([8], page 130).
First we expand Ga,b;n into its Fourier series. The l-th Fourier coefficient of Ga,b;n is
Gˆa,b;n(l) = a
−d
∫
Qa
Ga,b;n(x)e
−2πi〈l,x/a〉dx
= a−d
∫
Qa
∑
k∈Zd
(Tn
b
g · γ)(x− ak)e−2πi〈l,x/a〉dx
= a−d
∫
Rd
(Tn
b
g · γ)(x)e−2πi〈l,x/a〉dx
= a−d〈γ,M l
a
Tn
b
g〉.
Since Ga,b;n ∈ L∞(Qa) ⊆ L2(Qa) by Lemma 4.2, Ga,b;n has the Fourier series
(5.1) Ga,b;n(x) = a
−d
∑
l∈Zd
〈γ,M l
a
Tn
b
g〉e2πi〈l,x/a〉
with convergence in L2(Qa). Now substitute this into Walnut’s representation (4.3), we
obtain
Sa,b;g,γf =
ad
〈γ, g〉
∑
n∈Zd
Ga,b;n · Tn
b
f
=
1
〈γ, g〉
∑∑
l,n∈Zd
〈γ,M l
a
Tn
b
g〉M l
a
Tn
b
f,
in operator notation,
(5.2) Sa,b;g,γ =
1
〈γ, g〉
∑∑
l,n∈Zd
〈γ,M l
a
Tn
b
g〉M l
a
Tn
b
.
Now the question is, when this series will converge. If g, γ ∈ L2 then it is not clear how
the Fourier series in (5.1) represents Ga,b;n. To avoid this we will take g, γ in such a way that
the series (5.1) and (5.2) will converge definitely. In the investigations of Gabor families by
Tolimieri-Orr [17], and Janssen [14], the following technical condition on windows g, γ were
used. Here we write that condition as definition.
Definition 5.1. A pair of window functions (g, γ) in L2(Rd) satisfies condition (A’ ) for
the parameters a, b > 0 if
(5.3)
∑
l,n∈Zd
|〈γ,M l
a
Tn
b
g〉| <∞
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If g = γ, then g is said to satisfy condition (A) for the parameters a, b > 0 if
(5.4)
∑
l,n∈Zd
|〈g,M l
a
Tn
b
g〉| <∞
Now the condition (A’ ) guarantees the absolute convergence of the series expansions (5.1)
and (5.2). However condition (A’ ) is not always satisfied even for g, γ ∈ W (Rd) (an example
given in [8], p.132). So we have to put more condition on window function. If we consider
g, γ as in Feichtinger’s algebra S0(R
d), then the condition (A’) is satisfied together for all
a, b > 0. Now with this hypothesis we derive representation of the Gabor frame operator
Sa,b;g,γ . A version of Janssen’s representation can be found in [1]. However a similar result
for the Janssen’s representation for frame operator Sa,b;g,γ is proved by taking the window
functions g, γ ∈ S0(Rd) in the following theorem.
Theorem 5.2. (Janssen’s representation) Suppose that g, γ ∈ S0(Rd). Then for all a, b > 0
frame operator Sa,b;g,γ can be expressed as follows:
Sa,b;g,γ =
1
〈γ, g〉
∑∑
l,n∈Zd
〈γ,M l
a
Tn
b
g〉M l
a
Tn
b
=
1
〈γ, g〉
∑∑
k,n∈Zd
〈γ, T k
b
Mn
a
g〉T k
b
Mn
a
and converges absolutely in the operator norm.
Proof. Let S˜a,b;g,γ :=
1
〈γ,g〉
∑∑
l,n∈Zd
〈γ,M l
a
Tn
b
g〉M l
a
Tn
b
and we want show Sa,b;g,γ = S˜a,b;g,γ . As
g, γ ∈ S0(Rd), so by condition (A’) the series for S˜a,b;g,γ converges absolutely in operator
norm and hence its expression is independent of the order of summations. Therefore
S˜a,b;g,γ =
ad
〈γ, g〉
∑
n∈Zd

a−d ∑
l∈Zd
〈γ,M l
a
Tn
b
g〉e2πi〈l,x/a〉

Tn
b
=
ad
〈γ, g〉
∑
n∈Zd
Ga,b;n · Tn
b
= Sa,b;g,γ
by using (5.1) and Walnut’s representation. 
Next we state and prove the Wexler-Raz biorthogonality condition for frame operator
Sa,b;g,γ on W (L
p, ℓq). In [20] the authors found a exceptional relation between window g
and dual window γ. Their conditions characterize all dual windows. Here we make use of
Theorem 1.1 and present a version of that important result.
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Theorem 5.3. (Wexler-Raz biorthogonality)Assume g, γ ∈ S0(Rd). Then for any 1 ≤ p <∞
and 1 ≤ q ≤ ∞ the following conditions are equivalent:
(i) lim
(a,b)→(0,0)
Sa,b;g,γf = lim
(a,b)→(0,0)
Sa,b;γ,gf = f on W (L
p, ℓq).
(ii) lim
(a,b)→(0,0)
1
〈γ,g〉〈γ,M la Tnb g〉 = δl0δn0 for l, n ∈ Z
d.
Proof. (i) ⇒ (ii) Let f ∈ W (Lp, ℓq) and h ∈ W (Lp′ , ℓq′) (Ko¨the dual of W (Lp, ℓq)) and
assume that lim
(a,b)→(0,0)
Sa,b;g,γf = f . Let l,m ∈ Zd be arbitrary. Then
δlm〈f, h〉 = 〈 lim
(a,b)→(0,0)
Sa,b;g,γT l
b
f, Tm
b
h〉
= lim
(a,b)→(0,0)
ad
〈γ, g〉〈
∑
n∈Zd
Ga,b;n · Tn+l
b
f, Tm
b
h〉
= lim
(a,b)→(0,0)
ad
〈γ, g〉〈Ga,b;m−l · Tmb f, Tmb h〉
= lim
(a,b)→(0,0)
ad
〈γ, g〉〈(T−mb Ga,b;m−l)f, h〉
So we conclude that lim
(a,b)→(0,0)
ad
〈γ,g〉Ga,b;m−l(· + mb )f = δlmf . Now varying l,m ∈ Zd, we
get lim
(a,b)→(0,0)
ad
〈γ,g〉Ga,b;0(·)f = f and lim(a,b)→(0,0)
ad
〈γ,g〉Ga,b;n(·)f = 0 when n 6= 0. We already
know from (5.1) that Ga,b;n has the Fourier series
Ga,b;n(x) = a
−d
∑
l∈Zd
〈γ,M l
a
Tn
b
g〉e2πi〈l,x/a〉
⇒ lim
(a,b)→(0,0)
ad
〈γ, g〉Ga,b;n(x)f(x) = lim(a,b)→(0,0)
1
〈γ, g〉
∑
l∈Zd
〈γ,M l
a
Tn
b
g〉e2πi〈l,x/a〉f(x)
We conclude by using uniqueness of Fourier coefficients that
lim
(a,b)→(0,0)
1
〈γ, g〉 〈γ,M laTnb g〉 = δl0δn0.
The implication (ii) ⇒ (i) follows form Janssen’s representation: If the biorthogonality
condition (ii) is satisfied then
lim
(a,b)→(0,0)
∑
l,n∈Zd
|〈γ,M l
a
Tn
b
g〉| =
∑
l,n∈Zd
|〈γ, g〉δl0δn0| = |〈γ, g〉| <∞,
i.e., for arbitrary small a, b > 0,
∑
l,n∈Zd
|〈γ,M l
a
Tn
b
g〉| <∞, i.e., the pair (g, γ) satisfies condi-
tion (A’) for arbitrary small a, b > 0 and hence the representation (5.2) converges in the oper-
ator norm. Hence by Theorem 1.1, for any 1 ≤ p <∞ and 1 ≤ q ≤ ∞, lim
(a,b)→(0,0)
Sa,b;g,γf = f
on W (Lp, ℓq). 
The next corollary follows immediately from Theorem 5.3.
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Corollary 5.4. In the assumption of Theorem 5.3, if g ·γ is locally Riemann integrable then
for any 1 6 p, q 6∞, the following conditions are equivalent:
(i) lim
(a,b)→(0,0)
Sa,b;g,γ = lim
(a,b)→(0,0)
Sa,b;γ,g = I on B(W (L
p, ℓq)).
(ii) lim
(a,b)→(0,0)
1
〈γ,g〉〈γ,M la Tnb g〉 = δl0δn0 for l, n ∈ Z
d.
Proof. (i) ⇒ (ii) follows from the fact that lim
(a,b)→(0,0)
Sa,b;g,γ = I on B(W (L
p, ℓq)) ⇒
lim
(a,b)→(0,0)
Sa,b;g,γf = f on W (L
p, ℓq).
The implication (ii) ⇒ (i) follows form Janssen’s representation and Theorem 1.1: If the
biorthogonality condition (ii) is satisfied then the pair (g, γ) satisfies condition (A’) for ar-
bitrary small a, b > 0 and the frame operator Sa,b;g,γ converges in the operator norm. Since
g · γ is locally Riemann integrable then by using Theorem 1.1 we conclude that for any
1 6 p, q 6∞, lim
(a,b)→(0,0)
Sa,b;g,γ = lim
(a,b)→(0,0)
Sa,b;γ,g = I on B(W (L
p, ℓq)). 
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